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The finite-difference equation of diffusion (consistent with Einstein’s evolution equation of diffusion) without the assump-
tion of small mean free path is discussed. This equation predicts significant deviations from classical behavior for the
simplest geometry: fluid in a pipe with a large density gradient, such that one end is at the Fickian limit, the other end
is at Knudsen limit and there can be a transition zone between them. This has not been considered in previous studies.
The analysis indicates that significant deviations from classical (Fickian) behavior arise due to the large change in
mean free path which is important in numerous situations, including vacuum technology and propulsion in space. Other
examples of deviations from Fick’s law include cases where the mean free path is not small compared to system size
(nanoscale systems and low density systems) and cases where there are large gradients. These are important in a vari-
ety of practical applications, including vacuum distillation, vacuum pumps, and adsorption measurements. VC 2015
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Introduction

Diffusion in the classical Fickian limit1 is based on the

assumption of small mean free path, k.2–5 Rigorously speak-

ing, the Fickian limit requires that k! 0 and this allows fluxes

to be defined as being proportional to density gradients.2 The

opposite limit, where the mean free path is much larger than a

characteristic size of the system and there are essentially no

collisions between particles, is also well known as Knudsen

diffusion.6 In terms of diffusion phenomenology, much less is

known about intermediate conditions, where neither Fickian

nor Knudsen approaches can be applied. These conditions are

fairly common in chemical engineering, including vacuum

technology and propulsion systems in space. On the nano-

scale, such conditions can arise near solid surfaces and at a

gas–liquid interface. The latter is important in any system

where there is a phase boundary including adsorption systems

and for diffusion in systems with phase transitions.
Previously,3,7 we considered fluids at these intermediate

conditions in the framework of Einstein’s evolution equation

for diffusion.8 In publication,7 we presented an exact solution

to Einstein’s evolution equation without reducing it to the

Fickian approximation, and this solution demonstrated a dra-

matic difference between Fickian and Einstein’s predictions.

Einstein’s finite-difference equation predicts not only signifi-

cant quantitative deviations from classical diffusion profiles

but also qualitative changes in diffusion mechanisms, such as

coexistence of “laminar” and “turbulent” fluxes and

“cooperative” transitions between molecular chaos and pre-

dominantly ballistic motion of molecules.7 The reason for the

difference between Fickian and Einstein’s predictions is that

the assumption that k! 0 in the Fickian model turns the origi-

nal finite-difference equation of mass balance into a differen-

tial equation. This can distort density profiles, and, hence, the

conditions under which this distortion occurs need to be

analyzed.
In this article, we discuss the finite-difference equation of

diffusion without the assumption that k ! 0 and show that it

predicts significant deviations from classical Fickian behavior

for the simple case of one-dimensional flow with a large den-

sity gradient. In particular, we examine the case of flow where

one end is at the Fickian limit, the other end is at Knudsen

limit and there can be a large transition zone between them.

This has not been considered in previous calculations.
Our goal here is to illustrate (in terms of this simple case)

that classical density profiles and fluxes are significantly dis-

torted compared to predictions of Einstein’s original finite-

difference equation of diffusion. This has fundamental impli-

cations for the behavior of fluids between the Knudsen and

Fickian limits, and for a variety of practical applications where

fluids are at these conditions including low-pressure chemical

vapor deposition, various vacuum techniques, and propulsion.
Figure 1 illustrates the classical model of diffusion in a

fluid.2, p. 88 In this model, the number of molecules passing

through some surface, S, from left to right is 1
6

�Vqðx 2 k; tÞ,
and the number of molecules passing through this surface

from right to left is 1
6

�Vqðx 1 k; tÞ, where q is the local density,

that is, the number of molecules per unit of volume. Therefore,

the diffusion flux, F(x, t), is

Fðx; tÞ5 1

6
�V ½qðx2k; tÞ2qðx1k; tÞ� (1)
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In the classical diffusion model, the finite difference qðx2k;
tÞ2qðx1k; tÞ is replaced by the derivative

qðx2k; tÞ2qðx1k; tÞ � 22k
@q
@x

(2)

and Eq. 1 is changed to Fðx; tÞ52 1
3

�Vk @q
@x. Plugging this in the

mass balance equation

@q
@t

52
@F

@x
(3)

results in the classical diffusion equation

@q
@t

5
@

@x
D
@q
@x

� �
(4)

where

D5
1

3
�Vk (5)

The approximation in Eq. 2 assumes that the system is at

conditions were there is small k. However, when conditions

are between the Knudsen and Fickian limits, the assumption

of small k is not valid and Eq. 2 cannot be used. Combining

Eqs. 1 and 3 results in

@qðx; tÞ
@t

5
@

@x

1

6
�V ½qðx1k; tÞ2qðx2k; tÞ�

� �
(6)

Note that the differential finite-difference Eq. 6 is equiva-

lent to Einstein’s evolution equation of diffusion with an expo-

nential distribution free path lengths.7 Equation 4 (Fick’s law)

is a particular case of Eq. 6. That is, in the limit of k ! 0 the

finite-difference Eq. 6 with two independent physical parame-

ters, �V and k, turns into a differential Eq. 4 with one independ-

ent parameter, D5 1
3

�Vk. Classical models1 based on the limit

of k! 0 are well known. The other limit, where mean-free

path is much larger than a characteristic size of the system and

there are essentially no collisions between particles, is also

well known as Knudsen diffusion.6 However, to transition

between these limits correctly, we need to consider the general

finite-difference mass balance in Eq. 6.

Fluid Between Knudsen and Fickian Conditions

Consider a fluid in a pipe when there is a transition from

Fickian to Knudsen conditions with q(x) being the density dis-

tribution along the x axis as shown in Figure 2. In Figure 2, at

x 5 0 there is a small density with q(0) 5 q0 and at x 5 L there

is a large density with q(L) 5 qL. If qL is large enough (e.g.,

air at 1atm, or higher) and q0 is small enough (say, vacuum at

1023 atm to 1029 atm), then there is a significant density gra-

dient and the system transitions from Fickian to Knudsen con-

ditions. Such conditions occur in many practical cases,

including vacuum technology and jet and rocket propulsion

systems.
The mean-free path of molecules in gases can be estimated

from the classical equation2

k5
1ffiffiffi

2
p

pr2q
(7)

where r is the diameter of molecule. For the system in Figure

2, Eq. 7 indicates that k can vary from relatively large values

(meters) at x 5 0 to very small values (nanometers) at x 5 L.
Consider a steady-state system with @q

@t 50 at all x. For this

case, Eqs. 4 and 5 give

@

@x

1

3
�Vk
@q
@x

� �
50 (8)

and the differential finite-difference Eq. 6 becomes

@

@x

1

6
�V ½qðx1k; tÞ2qðx2k; tÞ�

� �
5 0 (9)

Fickian Model Based on the Approximation
that k fi 0

The goal of this article is to show that density profiles and

fluxes, predicted by the differential and finite-difference mod-

els (Eqs. 8 and 9) are dramatically different for the conditions

illustrated in Figure 2. For k(q) defined by Eq. 7, Eq. 8 can be

solved exactly with boundary conditions

qð0Þ5q0 (10)

and

qðLÞ5qL (11)

Taking into account Eq. 7, after first integration, Eq. 8 can

be written as

�V

3p
ffiffiffi
2
p

r2q

@q
@x

5A (12)

where A is a constant of integration. Second integration gives

from Eq. 12

ln q5
3p

ffiffiffi
2
p

r2

�V
Ax1B (13)

where B is a constant of the second integration. After imposing

boundary conditions (10) and (11), Eq. 13 can be written in

the following simple form

qðxÞ
q0

5
qL

q0

� �x=L

(14)

Figure 1. Classical model of diffusion in fluid.

Figure 2. Fluid density, q(x), in the pipe changes from
q0 5 q(0) at x 5 0 to qL 5 q(L) at x 5 L.
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Finite Difference Model without the
Approximation that k fi 0

The steady-state profile for the finite difference model (6)

can be analyzed from Eq. 9. Integration of this equation gives

1

6
�V ½qðx1kÞ2qðx2kÞ�5F (15)

or

qðx1kÞ2qðx2kÞ5 6F
�V

(16)

where F is the constant (steady-state) flux through the pipe.
Following the theory of finite-difference equations,9 con-

sider the general solution of the nonhomogeneous Eq. 16 as a

sum of two components: solution of homogeneous equation,

qh, and particular solution of the nonhomogeneous equation,

qp

q5qh1qp (17)

At F 5 0, Eq. 16 is homogeneous and its solutions can be

representedas a Fourier series5,10

qhðxÞ5
X1
k50

Akcos
kpx

k
1 Bksin

kpx

k

� �
(18)

To analyze the solution of Eq. 16 for F 6¼ 0, assume that the

essential contribution to the profile for the system in Figure 2

comes from qp, and qh gives only macroscopically negligible

(averaging) oscillations.10,11 Then

qðxÞ � qpðxÞ (19)

Consider qp(x) in the form

qpðxÞ5axx1b (20)

where ax is a function of x and b is a constant. Plugging qp

from Eq. 20 into Eq. 16 gives

ax1kðx1kÞ1b2ax2kðx2kÞ2b5
6F
�V

(21)

To find the first approximation, consider ax as a slow func-

tion of x, so that

ax1k � ax2k (22)

In this approximation, Eq. 21 gives

ax5
3F
�Vk

(23)

Combining Eqs. 7 and 23 results in

ax5
3
ffiffiffi
2
p

pr2FqðxÞ
�V

(24)

Note that approximation (22) is mathematically compatible

with Eq. 24 if q does not significantly change between x 1 k
and x 2 k. At the high density end, this is possible due to small

k. At low density end, this is possible if the density gradient is

small, and further calculations based on approximation (24)

Figure 3. Dependence of q/q0 on x/L for qL/q0 5 2 pre-
dicted by Fick’s law Eq. 14 (thin line) and the
finite-difference model in Eq. 29 (thick line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. Dependence of q/q0 on x/L predicted by
Eqs. 14 (thin lines) and 29 (thick lines) for
various for qL/q0.
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(shown in Figures 4 and 5) indicate that this occurs for large
qL/q0. In the limit of small qL/q0, q(x) becomes slowly chang-
ing function, and Eq. 24 is automatically compatible with
approximation (22).

Equations 19, 20, and 24 give

qðxÞ5 3
ffiffiffi
2
p

pr2F
�V

xqðxÞ1b (25)

Solution of Eq. 25 with respect to qðxÞ results in

qðxÞ5 b �V

�V23
ffiffiffi
2
p

pr2Fx
(26)

Conditions (10) and (11) give from Eq. 26

b5q0 (27)

and

qðLÞ5 b �V

�V23
ffiffiffi
2
p

pr2FL
(28)

Using Eqs. 27 and 28 to eliminate b and F in Eq. 26 gives

qðxÞ
q0

5
qL=q0

qL=q02ðqL=q021Þx=L
(29)

Comparison of Eqs. 14 and 29

In the limit of qL=q0 ! 1, both Eqs. 14 and 29 give the
same result that q5q0 everywhere along the length of the
pipe. However, when qL=q0 goes up, the difference in predic-
tions between Eqs. 14 and 29 increases. Figure 3 shows the
dependence of q/q0 on x/L predicted by Eqs. 14 and 29 at qL/
q0 5 2. As shown in Figure 3, even for qL/q0 5 2, the differ-
ence in predictions between Eqs. 14 and 29 is apparent.

Figure 4 shows the dependence of q/q0 on x/L predicted by
Fick’s Law Eq. 14 and the finite-difference Eq. 29 for qL/q0

ranging from 4 to 100. As shown in Figure 4, increasing qL/q0

results in significant differences in the predictions between
Eqs. 14 and 29, especially in the range of x/L > 0.2.

Figure 5 shows profiles predicted by Eqs. 14 and 29 at ratios
of qL/q0 between 1000 and 100,000 corresponding to vacuum
at one end of the pipe and atmospheric pressure (or higher) at
the other end.

As shown in Figure 5, for x/L > 0.6, the profiles predicted
by Eqs. 14 and 29 are dramatically different for these high
ratios of inlet to outlet densities. In particular, the finite-
difference Eq. 29 predicts an immediate decrease in density

Figure 5. Profiles predicted by Eqs. 14 (thin lines) and
29 (thick lines) for various for qL/q0 between
1000 and 100,000 corresponding to vacuum
at one end of the pipe and atmospheric pres-
sure at another end.

Figure 6. Flux in units of
�V

r2L
as a function of (a) qL/q0

(upper frame) and (b) q0/qL (lower frame) pre-
dicted by Fick’s law (Eq. 32; thin line) and
finite difference (Eq. 33; thick line).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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at the inlet of the pipe with essentially the entire length of
the pipe at low density. However, the differential Eq. 14 pre-
dicts a more gradual decrease and a low density zone that

only is over the last half of the pipe adjacent to the low den-
sity end.

Comparison of Fluxes

Since F52 1
3

�Vk @q
@x, the value of A in Eq. 12 is a steady-state

flux through the pipe. Then, with A 5 F, from Eq. 13 it follows
that at x 5 L

ln qL5
3
ffiffiffi
2
p

pr2

�V
FL1B (30)

and at x 5 0

ln q05B (31)

Combining Eqs. 34 and 35 results in the Fickian flux of

F5
�V

3pr2L
ffiffiffi
2
p ln

qL

q0

(32)

Equation 32 gives a steady-state flux calculated from the

differential model with approximation (2). Without approxi-
mation (2), the steady-state flux for the finite-difference equa-
tion can be determined from Eqs. 27 and 28 as follows

F5
�V

3pr2L
ffiffiffi
2
p 12

q0

qL

� �
(33)

Figure 6 shows fluxes in units of
�V

r2L predicted by Eqs. 32
and 33 as functions of qL/q0 (upper frame) and as functions of

q0/qL (lower frame). For �V5500 m/sec, r 5 3.2 3 10210 m,
and L 5 1 m, this unit,

�V
r2L, is about 5 3 1021 molecules/(m2 s)

�1022 moles/(m2 s). As shown in Figure 6, at qL > 2 q0 the

finite-difference model, Eq. 33, predicts significantly smaller
fluxes than Fick’s law, Eq. 32.

The Fick’s law flux (Eq. 32) predicts that F increases to
infinity as q0 goes to zero. This is both incorrect and unphysi-

cal. In the finite difference model of Eq. 33 this problem is
resolved and it gives a finite limit for the flux through the pipe
at q0! 0

lim
q0!0

F5
�V

3pr2L
ffiffiffi
2
p (34)

This result is especially important for the analysis of propul-
sion systems in space.

Note that here we considered only one example of condi-
tions where Fick’s law fails due to a large change in mean free

path. This is important for various applications, such as vac-
uum techniques and propulsion in space. Other examples
include cases where mean free path is not small compared to

system size (nanoscale, low density) and cases where there are
large gradients. In these cases, the mass balance needs to be
considered in terms of the differential finite-difference Eq. 6.

Relevance to Chemical Engineering Applications
and Discussion

Diffusion of fluids is widely used in chemical engineer-
ing.12–15 Numerous applications include agitation, ducts, fluid-
ization, vacuum techniques, pumps, adsorption measurements,

and various related fields (see e.g., Chapters 9–13 in Ref. 13).
For many applications, approximation (2) is valid and Fick’s

law is applicable. However, there are situations, such as vac-
uum technology and propulsion in space, where fluid moves
from relatively high density to near vacuum. This can occur in
vacuum pumps, in microelectronics technology chambers, in
thermostats (leaks to vacuum compartments), in vacuum dis-
tillation columns, and in many other cases where fluid density
can significantly change (such as rate-limiting processes for
the sublimation of small molecule organic semiconductors16).
In such cases, approximation (2) is not correct and more gen-
eral Eq. 6 should be considered.

To illustrate the relevance of our model to chemical engi-
neering applications, consider a situation where one needs to
fill a cylinder with oxygen. If this cylinder contains air, it
needs to be pumped out to a certain vacuum (say, 1023 atm).
The next step is filling of the tank with oxygen from a source
(say, from a tank with oxygen) into the evacuated cylinder
through a pipe (as shown in Figure 2). Such situations are
ubiquitous in chemical engineering and their understanding on
a fundamental level is essential. Certainly, transport of gas
through pipes is a complex phenomenon, and here (to illustrate
a fundamental problem) we considered one of the simplest
cases.

A more general treatment could include anisotropy in both
the mean free path and the average molecular velocity17 (i.e.,
temperature gradient). If V1 and V2 are average velocities in
the 1 and 2 directions and k1 and k2 are mean free paths in
the 1 and 2 directions, then the net flux is represented as
F5V1q12V2q2 where q1 and q2 are densities at points
x 1 k1 and x 2 k2. Therefore

F5ðVqÞjx2k2
2ðVqÞjx1k1

(35)

and

F5V2q22V1q1 �
V11V2

2
ðq22q1Þ1

q11q2

2
ðV22V1Þ

(36)

Hence, the net flux can be written as the sum of a convec-
tion (flow) term, Fc, and a diffusion term, Fd, as

F5Fc1Fd (37)

where

Fc5
q11q2

2
ðV22V1Þ (38)

and

Fd5
V11V2

2
ðq22q1Þ (39)

If V1 5 V2, k1 5 k2, q2 5 (1/6)q(x 2 k, t), and q1 5 (1/
6)q(x 1 k, t), then Fc 5 0 and Fd coincides with F(x, t) in
Eq. 1.

However, plugging Eqs. 37–39 into Eq. 3 gives

@q
@t

5VM
@�q
@x

1 �V
@ðq12q2Þ

@x
(40)

where VM is the (net) macroscopic velocity

VM5V22V1 (41)

�V is the average molecular velocity

�V5
V11V2

2
(42)

and �q is the average density
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�q5
q11q2

2
(43)

Note that Eqs. 40–43 imply that VM and �V are constant. Fur-
ther, if q12q2 � d @q

@x and �q5q, then Eq. 40 can be written in
the following form

@q
@t

5VM
@q
@x

1D
@2q
@x2

(44)

where D5 �Vd, and d is a distance where q changes from q1 to
q2. This is the conventional mass balance equation found in
most text on fluid mechanics. However, this derivation shows
explicitly that Eq. 44 is based on the assumptions that VM and
�V are constant and that q12q2 � d @q

@x. Since d is proportional
to the mean free path, k, the latter assumption is limited by
small k and small density gradients. Hence, the conventional
concept of the mass balance takes the fluxes in Eq. 35 and
breaks them into convection (flow) and diffusion terms in a
way that is valid in some situations but is not universal.

Note that approximation (2) reduces the nonlocal (finite-dif-
ference) Eq. 6 to a local differential Eq. 4. Equation 6 includes
direct special correlations for points separated by 2k. In a real
fluid with finite k, collisions of molecules are not randomly
distributed in space, but correlated. In other words, Fick’s law
is consistent with Markovian random process though real flu-
ids are non-Markovian.18 The nature of such correlations has
been discussed in literature, in particular in,19–26 and there
have been attempts18 to modify Fick’s law to take into account
non-Markovian (memory) effects. As we have shown here,
this can be done by using finite difference model without
approximation (2).
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